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In brane-world cosmologies of Randall- Sundrum type, we show that evolution of large-scale 
curvature perturbations may be determined on the brane, without solving the bulk perturbation 
equations. The influence of the bulk gravitational field on the brane is felt through a projected 
Weyl tensor which behaves effectively like an imperfect radiation fluid with anisotropic stress. We 
define curvature perturbations on uniform density surfaces for both the matter and Weyl fluids, and 
show that their evolution on large scales follows directly from the energy conservation equations 
' for each fluid. The total curvature perturbation is not necessarily constant for adiabatic matter 

perturbations, but can change due to the Weyl entropy perturbation. To relate this curvature 
perturbation to the longitudinal gauge metric potentials requires knowledge of the Weyl anisotropic 

Q stress which is not determined by the equations on the brane. We discuss the implications for 
large-angle anisotropies on the cosmic microwave background sky. 
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, I. INTRODUCTION 

o 

Recently, a lot of attention has been devoted to the cosmology of a brane- universe embedded in a higher dimensional 
spacetime, stimulated by suggestions from string theory that there may exist extra dimensions which are large but 
inaccessible to ordinary matter Q. In this paper we will investigate the simplest such model with a single extra 
dimension, obeying the five-dimensional Einstein equations in the bulk, with matter fields confined to a single brane 
, located at a ./^-symmetric fixed point. 
f-^ ■ The standard Friedmann cosmology is not recovered in such a model unless one assumes the existence of a 
constant tension in the brane |j|4|] (in addition to ordinary matter) and a suitably adjusted negative cosmological 
43 ■ constant in the bulk, as in the (second) Randall- Sundrum model ||. The evolution is then indistinguishable from 
the standard one in the low-energy regime where the matter density in the universe is much smaller than the brane 
tension. Therefore the background brane cosmology reproduces the properties of the standard Friedmann background 
cosmology at the present day if one requires standard evolution since at least nucleosynthesis. To be able to discrim- 
inate between a brane cosmology and standard four-dimensional cosmology, it is necessary to go one step further and 
study perturbations about the background models. Present and future data on large-scale structure and cosmic mi- 
crowave background (CMB) anisotropies provide extensive information on the spectrum and evolution of cosmological 
perturbations. 

Our purpose here is to present the evolution equations for perturbations in brane cosmology as close as possible to 
the standard four-dimensional approach in order to discuss the possible imprint of the fifth dimension on cosmological 
observations, and in particular CMB anisotropies. The influence of the bulk gravitational field on the brane is felt 
through a projected Weyl tensor which behaves effectively like an imperfect radiation fluid with anisotropic stress. The 
present work results from the combination of two approaches to brane perturbations: a covariant approach |^,|7j based 
on the effective four-dimensional Einstein equations on the brane || , and a metric-based approach treating the bulk 
metric perturbations in a Gaussian normal coordinate system ||,[l0| (see also pl|-p^] for other metric-based approaches, 
and [jl4| for a covariant Green's function approach). We will also follow the approach adopted in Refs. |15|,[L6[ in using 
the energy conservation equations to compute the evolution of large-scale curvature perturbations and to identify the 
effect of non-adiabatic modes. 

We focus our attention on the evolution of large-scale perturbations, i.e., perturbations on scales larger than the 
Hubble radius. The reason is that the scales of cosmological interest (e.g., for large-angle CMB anisotropies) have 
spent most of their time far outside the Hubble radius and have re-entered only relatively recently in the history of the 
Universe. Large-scale perturbations generated from quantum fluctuations during de Sitter inflation on the brane have 



been calculated 15 17]-|l9||. The spectrum of tensor perturbations contains a massless zero mode and massive modes 
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that remain in the vacuum state y_y|l8|]. The amplitude of the zero mode is enhanced at high energies compared 
with the usual four-dimensional result, and is constant on large scales ]l8| . In |tL9|| , the vector metric perturbations 
were shown to have no normalizable zero mode, while the normalizable massive modes remain in the vacuum state 
during inflation (see also (lj]). It follows that large-scale vector and tensor perturbations from brane inflation are 
expected to have the same qualitative properties as in general relativity (apart from an enhanced tensor amplitude), 
and therefore the same qualitative impact on CMB anisotropics. 

Scalar perturbations were computed in fig] , and it was shown that the amplitude of the curvature perturbation 
on uniform density hypersurfaces is enhanced at high energies relative to the standard four-dimensional result (see 
also j2(],[l(|). In the effects of the bulk Weyl tensor on the brane were neglected. Large-scale scalarperturbations, 
incorporating the full bulk Weyl effects, have been investigated via a comoving covariant approach in |6|, where it was 
shown that, even when bulk Weyl effects are included, the covariant density perturbation equations contain a closed 
system on the brane without solving the bulk perturbation equations. In JtJ, it was then shown that the covariant 
analog of the longitudinal gauge metric potential due to matter perturbations is non-constant on large scales in the 
early universe. 

In this paper, we define the curvature perturbation on uniform density surfaces for matter and an entropy pertur- 
bation due the 'Weyl' fluid. Their evolution on large scales follows directly from the energy conservation equations 
for each fluid. The total curvature perturbation is not necessarily constant for adiabatic matter perturbations, but 
can change due to the Weyl entropy perturbation. We go further to show that, while our approach is sufficient to 
determine the curvature perturbation at late times due to matter and Weyl effective density perturbations, it can- 
not determine the anisotropic stress exerted on the brane by the projected Weyl tensor, and hence the contribution 
of the scalar shear to CMB anisotropies. Thus the effect of brane-world scalar perturbations on large-angle CMB 
anisotropics cannot in general be determined in the same simple way used in general relativity. Further investigation 
is required to solve the bulk perturbation equations and determine the behavior of the Weyl anisotropic stress. 



II. FIELD EQUATIONS 



A. Five-dimensional equations 



We assume that the gravitational field in the bulk obeys the five-dimensional Einstein equations 

^G AB + A 5 < 5 W = 4 {5) Tab , (2.1) 

where n\ is the five-dimensional gravitational constant and A5 the cosmological constant in the bulk. We further 
assume that the spacetime is vacuum except at the brane. The gravitational field is also subject to appropriate 
boundary conditions at the brane. The energy- momentum tensor for matter on the brane, T^, and the brane 
tension, A, cause a discontinuity in the extrinsic curvature, K^ u , given by the junction conditions QJ^] 



[K^]t = -4 { 5 (A - T) 9llv + T„ v \ , (2.2) 
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where T = g^T^, K^ v = g^g^ ^V^ns, n A is the spacelike unit normal to the brane, and the projected metric 
on the brane is given by 

9ab = (5 Ws - n A n B . (2.3) 

We note that the division of the energy-momentum tensor into and Xg^ is rather arbitrary; we choose A in such 
a way that the original Randall- Sundrum brane is recovered when = 0. If we assume that the brane is located at 
a z^-symmetric orbifold fixed point, then the matter energy- momentum tensor and the brane tension determine the 
extrinsic curvature close to the brane: 



K =-H 
2 



^{^-T)g^u + T^ 



(2.4) 
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B. The view from the brane 



The effective 4-dimensional Einstein equations on the brane can be obtained j|] by projecting the 5-dimensional 
quantities. The Gauss equation leads to the 4-dimensional effective equations: 



G ujj 



A, 



-aw 



KK, 



(2.5) 



where K = M and the effect of the non-local bulk gravitational field is described by the projected 5-dimensional 
Weyl tensor 



= &C E AFB n E n F g^ A g/ 



(2.6) 



Using the junction conditions given in Eq. (2.4), we can give the extrinsic curvature in terms of the energy-momentum 
tensor on the brane so that 
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where 



A 4 = 



A 5 , «5 X 2 



n„ 



87tGn 
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(3T a/3 T af3 - T 2 ) 9lw . 



(2.7) 

(2.8) 
(2.9) 
(2.10) 



Using the arbitrariness in the choice of A as noted before, we set A4 = 0. The usual conservation laws for matter, 
V M T^ = 0, still apply (they are obtained by substituting Eq. ( |2~4| ) into the Codazzi equations ||). 

The power of this approach is that the above form of the 4-dimensional effective equations of motion is independent 
of the evolution of the bulk spacetime, being given entirely in terms of quantities defined on the brane. Thus these 
equations apply to brane-world scenarios with infinite or finite bulk, stabilised or evolving. 

Near the brane it is always possible to use Gaussian normal coordinates x A = (x M , y) in which the 5-dimensional 
line-element takes the form 



{5 W = gi , u (x a ,y)dx^dx v + dy 2 , 



(2.11) 



where the brane is located at y = 0. 



III. COSMOLOGICAL PERTURBATIONS ON THE BRANE 



The most general linear scalar metric perturbation about a Friedmann-Robertson- Walker (FRW) brane is pi] 

~ -(1 + 2A) aB\i 

aB\ } a 2 {{l + 2Tl) llj +2E\ i] } 



9i*> 



(3.1) 



where a(t) is the scale factor, 7^ is the metric for a maximally symmetric 3-space with comoving curvature K — 0, ±1, 
and a vertical bar denotes the covariant derivative of 7^ . 

The perturbed energy-momentum tensor for matter on the brane, with background energy density p and pressure 
P, can be given as 



T M = 



(p + Sp) a(p + P)(v + B) b 



-a^ip + Py* {P + 5P)8) + 8-k) 



(3.2) 



where Sir* 



5n< 



momentum tensor is (compare |6[) 



Ij — i(5*(57r' fe |fc is the tracefree anisotropic stress perturbation. The perturbed quadratic energy- 
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v 12 



-(p + 2Sp) 



2a(p + P)(v + B)\ j 



-2a- 1 (p + P)v\ l {2P + p + 2(1 + P/p)5p + 2SP} 5) - (1 + 3P/p)Sir) 



(3.3) 



The remaining contribution of metric perturbations in the bulk to the modified Einstein equations on the brane is 
given by the projected Weyl tensor Although this is due to the effect of bulk metric perturbations not defined on 
the brane, we can nonetheless parametrize this as an effective energy-momentum tensor f3|,fl0f 



-{pe + Sps 



a6 'q £ \ 



-a-Hq^ 1 + a- l {p £ + P £ )B.\ l (P £ + 8P £ )5) + 5% s i 



In the background FRW cosmology, Eq. (2.7) yields the modified Friedmann equation 

T 2 3^ 



3iJ- 



(3.4) 



(3.5) 



where H = a/ a is the Hubble expansion rate. For matter on the brane, one can define an effective gravitational 
energy density and pressure 



PcS = P 
PeB = P 



2A 



(2P + p) 



(3.6) 
(3.7) 



which obey the standard Friedmann equation if £® — n\p £ vanishes. The adiabatic sound speed for matter is given 
by Cg = P/p, and the effective adiabatic sound speed for the effective matter fluid is given by 



! cir 



PcS 
PeS 



= ct + 



P 



p + X 



(3.8) 



In the low energy regime, p <C A, the effective density and pressure tend to the real quantities, and standard 
cosmology is recovered, up to the Weyl term, as is clear from Eq. ( |3.5| ) . Given the agreement between the abundance 
of light elements and the nucleosynthesis predictions, there is not much freedom for non-standard evolution of the scale 
factor from the time of nucleosynthesis. The Universe is thus in a low-energy regime since at least nucleosynthesis, 
i.e. A > pnuci ~ (1 MeV) 4 . This implies a lower bound on the 5-dimensional mass M 5 (defined by Kg = 87r/Mf) of ||] 
M5 > 10 TcV. In fact, it turns out there is a more stringent constraint coming from small-scale gravity experiments; 



the absence of deviations from Newton's law on the millimeter scale (see, e.g. 
corresponding to 

A 1/4 > 100 GeV . 



221] ) imposes U§ M 5 > 10 5 TeV, 



(3.9) 



At times much earlier than nucleosynthesis, there is no a priori argument against a non-standard evolution of the 
Universe. In a very high-energy regime, /) > A, the contribution from the matter in Eq. ([T^) becomes quadratic 
in the energy density. Thus a barotropic fluid with P/p — c 2 s ^constant, leads to an effective sound speed given by 
Cg ff = 2Cg + 1 at high energies (p > A). In particular, ordinary radiation with c 2 s = ^ yields an effective sound speed 
given by c^ ff = | at high energies in the early brane- world universe. 



There is an additional contribution to the modified Friedmann equation (3.5) from the projected Weyl tensor, 
equivalent to an additional energy density, p £ = £q/k|. The tracefree property of implies that the pressure obeys 
P £ = |/9£ and the effective sound speed is given by c| = |. 

We define a total effective energy density and pressure on the brane: 



(hot = P (l + A) + PS . 

Ptot =P+ 2X {2P + p) + l P£ - 



(3.10) 
(3.11) 



There are again constraints on the contribution of p £ to the total energy density in the Universe Q from nucleosyn- 
thesis; since the effective number of light neutrino species must be less than 3.2 we have 



P£_ 
P 



< 0.03 



(3.12) 



at the time of nucleosynthesis. This implies, since p £ oc 1/a 4 , that the Weyl contribution would be extremely small 
today. 
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Conservation equations 



Together with the junction conditions at the brane, the 4-dimensional modified Einstein equations (2.7) arc equiva- 
lent to the 4-dimcnsional part of the 5-dimensional Einstein equations. Two of the remaining 5-dimensional Einstein 
equations are equivalent to the conservation of the matter energy and momentum on the brane: 



Sp + 3H{Sp + SP) + 3(p + P)K + a- 1 V 2 5q + {p + P)V 2 (aE - B 



Sq + AHSq + a 1 



(p + P)A + SP + -(V 2 + 3K)Sn 



= o, 

= 0, 



(3.13) 
(3.14) 



where the momentum perturbation is Sq = (p + P)(v + B). 

The final 5-dimensional Einstein equation yields an equation of state for the Weyl fluid flCj] , which in the 4- 
dimensional equations follows from the symmetry properties of the projected Weyl tensor, requiring P £ — ^p £ in 
the background and SP £ = \Sp £ at first order. We still require equations of motion for the effective energy and 
momentum of the projected Weyl tensor, and these are provided by the 4-dimensional contracted Bianchi identities. 
Note that these equations are intrinsically four-dimensional, only being defined on the brane, and are not part of the 
five-dimensional held equations. The contracted Bianc hi id entities (V M G^ = 0) and energy-momentum conservation 
for matter on the brane (V M T^ = 0) ensure, using Eq. (2/7), that 



V 



In the background we have 



ps + AHp £ = 

and for the first-order perturbations we have 

Sp £ + 4HSp £ + Ap £ il + a^ 1 



V 2 <% + -p £ S7 2 (aE-B 



= 



(3.15) 



(3.16) 



(3.17) 



(which can be compared with the covariant form given in The key result here is that the effective energy of the 
projected Weyl tensor is conserved independently of the quadratic energy-momentum tensor. The only interaction is 
a momentum transfer |8j6| , as shown by the perturbed momentum conservation equation 



Sq e + 4HSq £ 



^p £ A + ^Sp £ + ^(V 2 + 3K)Sn £ 



(P + P) 
aX 



[Sp - SHaSq - (V 2 + 3K)Stt] , 



(3.18) 



where the terms on the right hand side represent the momentum transfer from the quadratic energy-momentum 
tensor. Note that the combination Sp — SHaSq that appears on the right hand side is gauge-invariant and is equal 
to the density perturbation on comoving hypersurfaces. Note also that, in the low-energy regime, the right hand 
side becomes extremely small and one gets a quasi- conservation for the Weyl momentum, in addition to the exact 
conservation of the Weyl energy density. 



IV. CURVATURE PERTURBATIONS 



For the matter fluid we can define a gauge-invariant variable corresponding to the curvature perturbation on 
hypersurfaces of uniform density |M| 



Sp 



The energy conservation equation (3.13) can then be written as [ |16| 

\p + p 

where the non-adiabatic pressure perturbation is 



(4.1) 



(4.2) 
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6P nad = 5P-c 2 s 6p. (4.3) 

For adiabatic perturbations, £ becomes a constant on large scales, i.e., where gradient terms can be neglected [J This 
follows directly from the energy-conservation equation, independently of the Einstein equations for the gravitational 
field JT(|. In fact it is possible to define a curvature perturbation, £/, on hypersurfaces of uniform density for any 
matter component separately, such as dust or radiation. This will also be constant for adiabatic perturbations in that 
component on sufficiently large scales if energy conservation holds for that component separately [fl6|| , as shown in 
the Appendix. 

We will also define a gauge-invariant curvature perturbation on hypersurfaces of uniform total effective energy 
density on the brane, 



Ctot = n - 



Spt 



3(ptot + Pi 



tot) 



S P (l + p/X) + S P£ 
+ 3(p + P)(l+p/X) + 4 P£ - { -> 



A. Schwarzschild-Anti-de-Sitter background bulk 



If the projected Weyl tensor is non-vanishing in the background, pe ^ 0, then we can define a gauge-invariant 
curv atur e perturbation on the brane with respect to the projected Weyl tensor, entirely analogous to that defined in 
Eq. ( [4.l|) with respect to ordinary matter, 

Ce=n + 6 ^. (4.5) 
Because the effective energy-momentum tensor of the projected Weyl tensor has a definite equation of state and its 



effective energy is conserved, the energy-conservation equation (3.17) gives 



Cf = , (4.6) 

on large scales (i.e., neglecting gradient terms). 

The total curvature perturbation is then a weighted sum of £ for matter and Ce for the projected Weyl tensor: 

Ctot =WC+(1- W)Cs , (4.7) 

where 

w = Hp±m+m ( 48) 

3(p + P)(l + p/A)+4 P£ ' K } 

It is instructive to study the behaviour of W. During the low-energy radiation era, W is a constant and 1 — W < pel p 
is very small. In the subsequent matter era, 1 — W will decrease like a -1 . By contrast, in a very high-energy radiation 
era (p 3> A) before the standard, i.e. low-energy, radiation era, 1 — W would increase like a . From this analysis, 
it is clear that 1 — W reaches its maximum value d uring the l ow-e nergy radiation era, where it is constrained by 



nucleosynthesis to be rather small [< 0.03 from Eqs. ( 3.12 ) and ( ]4.8| )]. During all other eras, it will be still smaller. 



If we define a (gauge-invariant) Weyl entropy perturbation, 



Ape 3{p + P) 



then we have 



x We assume that the universe looks locally like a FRW universe on sufficiently large scales. Thus the local momentum, shear 
and anisotropic stresses (and any other quantities derived from spatial gradients of scalars) must become negligible on large 
enough scales with respect to density, pressure or curvature perturbations. 



G 



Ctot = C + (1 - W)S £ . (4.10) 

On large scales, 

Ctot = W( + 3HW(1 - W) (c 2 cS ~^jS s . (4.11) 

Note that non-zero C arises if there is a non-adiabatic matter perturbation, whereas Cf = always. Thus for adiabatic 
matter perturbations, both C and C? are constant, and the only change in Ctot is then due to the change in W when 
S £ ^ and ^ §. 

From Eqs. (4.2) and (4.6), as long as we may neglect gradient terms, we may express Ctot as 



Ctot(t) = C-W(t) 



jf dt ' H (jH) w{t)] S£ * ' (4 - i2) 



where is some early epoch and C* = C(^*)j c ^ c - I n particular, when the matter consists of radiation and dust, we 
have 

< = <- + (iti^:) s - <« 3 > 

where p r and /3<j are the radiation and dust energy densities, respectively, and 

S dr = 3( Cd -C r ) = ^-^, (4.14) 
Pd 4 p r 

is the entropy perturbation between the radiation and dust, which remains constant on superhorizon scales since Cd 
and Cr are separately conserved on large scales. The total curvature perturbation is then given by 

Ctot = C* + W ( ' ° d/Pl ) S dr + (1 - W)S £ * . (4.15) 

The general form for C and Ctot hi a multi-component matter system is given in the Appendix. 



B. Anti-de-Sitter background bulk 



If there is no projected Weyl tensor in the background, p £ = 0, then any contribution fro m 5 p £ is no n-ad iabatic 
(and automatically gauge-invariant). The total curvature perturbation is then, on using Eq. (O) in Eq. (4.4), 



Ctot — c + 



dps 



3(p+P)(l + p/A) 



(4.16) 



The continuity equation (3.17) becomes Sp £ + AH5p £ = on large scales, and hence 

5p £ oc -r . 



(4.17) 



We find that 



Ct. 



C + H [ 4 S - - 



Sp £ 



(p + P)(l+p/\) 



(4.18) 



The second term on the right may be compared with the expression in [Q for the total non-adiabatic pressure 
perturbation. Note that in the very high-energy radiation era, this term is a nonzero constant, whereas it is zero in 
the low-energy ra diatio n era. 

Similar to Eq. ( gl| ), we may express Ctot on superhorizon scales in the present case as 



Ctot — c* 



dt'H 



SR 



nad 



p + p 



fip £ *(a*/a) 4 
3(p + P)(l + p/\) 



(4.19) 
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Then for a universe with radiation and dust, we have 

Pd/Pr 



Ctot — c* 



4 + 3p d /p r 



Sdx 



Sp. 



s* 



(4 + 3 Pd / Pl )(l + p/X) P „ 



(4.20) 



Before concluding this section, it is worthwhile to note the following fact. If we introduce the initial entropy 
perturbation Sg equivalent to Sg* by 



Ss = —Ss* , 

Pr 



(4.21) 



we can treat both ps ^ and ps = cases of the radiation-dust universe in a unified manner. Namely, Eqs. (4.15) 
and (4.20) are expressed in the single form, 



Ctot — c* 



Pa/(Pr + Ps) 



4 + 3p d /(p r + /5 f ) 



(4 + 3p d /p r )(l + p/A) 



Ss, 



(4.22) 



where fig = pg{l + p/\) , and C*, <Sdr and Ss are constants to be determined by the initial condition. 



V. LONGITUDINAL GAUGE METRIC PERTURBATIONS 



The curvature perturbation on hypersurfaces of uniform total effective energy density, Ctot, can be directly related, 
using the 4-dimensional (modified) Einstein equations, to the gauge-invariant metric perturbations $ and \& pl| ] in 
the longitudinal (or zero-shear or conformal Newtonian) gauge: 



Ct, 



3ff$ - 3H 2 ^ - a~ 2 (V 2 + 3K)<i> 



_ (5 + 3w t ot) 
3(1 + wtot) 

where w to t = -Ptot/ptot and 



4> 



3(H -Ka- 2 ) 

2H<5> - (2/3a 2 )(V 2 + 6^)$ 



2a 2 H 2 



3(H 2 + Ka- 2 )(1 + wtot) Ptot(l + wtot) 



Sn to 



* = A + a(B-aE) , 

$ = K + a(B - aE) , 
p + 'iP 



1 



2A 



Stt + Sirs 



(5.1) 

(5.2) 
(5.3) 
(5.4) 



Equation (|5.l| ) is obtained by using the background (modified) Friedmann equations, i.e., the standard ones with 
'total' fluid as matter, and the traceless part of the spatial perturbed (modified) Einstein equations, which yields 



$ + * = -n\a 2 8TTto 



(5.5) 



as in general relativity (2TJ . Note that in the absence of anistropic stresses (<57r to t = 0) there is essentially only one 
gauge-invariant scalar metric perturbation, <f> = — "f, which is determined directly on large scales from the primordial 
Ctot- But in the presence of anisotropic stresses it will no longer be possible to determine the metric perturbations 
from Ctot alone. Even if there are no (or negligible) matter anisotropic stresses, o"7r to t = Sirs may be non-zero so that 
$ + * ^ 0. 

In this section, our goal will be to relate the curvature perturbations to the metric perturbations, $ and 'J, using 
the results obtained in the previous section for the curvature perturbations. This will be useful in the next section 
where we will compute the large-scale anisotropies. This is also useful if one wishes to make the connection between 
the primordial curvature fluctuations and the late-time metric fluctuations. For simplicity, we will assume here that 
the universe is spatially flat. We will distinguish the three following cases of cosmological interest: a (low-energy) 
dust dominated era, a (low-energy) radiation dominated era, and finally a very high-energy radiation era. 
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A. Dust dominated era 



In a dust-dominated universe, the curvature perturbation Ctot given by Eq. ( 4.22| ) reduces to 



Ctot — C* + o^ dr + ~J-~S£ 

3 3p d 



(5.6) 



The origin of each term on the right hand side is apparent. The first describes the adiabatic perturbation, the 
second the primordially isocurvature perturbation, and the third the Weyl entropy perturbation. On the other hand, 
Eq. (|5.lD, for a spatially flat (K = 0) FRW cosmology on large scales, reduces to 



Ct. 



5 ^ 2 d * 

-$ + -a— $ 

6 6 da 



2k 4 2 c 

-^a dm, 



(5.7) 



Hence we find that the parts of $ corresponding to each term in Eq. (5J3) at the dust-dominated stage are given by 



1 



$ad = 7/C* , *iso = ~S dr , = ( ) S £ , = 



4p r 



5/2 



5ir iot a 7/2 da , 



(5.8) 



where $,r is the part due to the anisotropic stress perturb atio n which does not contribute to Ctot on large scales. The 
corresponding parts of \& are readily calculated from Eq. (|5.5|) as 



rC* 



_ K 

- ^dr: 



^E = 



4p r 

3pd 



S e , = 



,5/2 



57Ttot aJl^da - K\a 2 5irto 



(5.9) 



B. Low-energy radiation era 

We repeat here the same analysis as b efore for the (low-energy) radiation era with A 3> p r ~S> p d . In this case the 
curvature perturbation Ctot given by Eq. ( 4.22Q simply reduces to 

Ctot = C* + 77 ^ r ^dr + 5 £ . (5.10) 

4(Pr + P£) 

Here u>tot = | > and the relation between the total curvature perturbation and the metric fluctuation, given by Eq. ( |5.l| ) , 
reduces to 



Ctot = ^ + ^$ + f a 2 Sn tot . (5.11) 
2 2 da 2 



One thus gets 



2 ^ * 1 ( PA \ o * 2 o * K 



$ad = t;C* . *iso = - Sdr , = -=S £ , $ T = ± / fe tot a 4 da . (5.12) 

3 & \Pr + PE J 3 d' 1 



C. Very high-energy radiation era 



We finally consider the case of a radiation era where the background evolution is highly non-standard, with p r 3> A, 
as well as p r 3> p d . Equation (4.22) gives 



Ctot — C* + T^-Sdr + ~S £ , 
4Pr P 



(5.13) 



and, as in the du st-dominated case, the contribution from the Weyl component in Ctot is time-dependent. Since 
Wtat = §, Eq. ( fU\) now yields, 



One then gets 



$ad = t^C* , 
5 



6 VPr 



4 /A 



9 \P 



Se, 



a:' 



Sntot a 6 da . 



(5.14) 



(5.15) 
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VI. LARGE-ANGLE CMB ANISOTROPY 



Let us consider the large-angle CMB anisotropy in our scenario. Since the energy density p is much smaller than 
the tension A at and after the decoupling of photons and baryons, we may safely neglect the p/A corrections in all the 
equations. 

Assuming a spatially flat universe, the (generalized) Sachs- Wolfe effect is described as |E5| 



ST 



( -7. //., ) = ( ^A 8 , r + (?7 dcc , x(77dcc)) + J dq d n (* - $) (77, x(r])), 



(6.1) 



where x(rf) = 7*(?7o~ v)i V is the conforms! time (dr\ = dt/a(t)), and A Sjr = 5p r / p r + 4:Ha(aE — B) is the photon density 
perturbation on the shear- free hypersurfaces .0 The last integral along photon null geodesies is called the integrated 
Sachs- Wolfe effect. In contrast with it, for convenience, let us call the first two terms in the parentheses the 'direct' 
Sachs- Wolfe effect. 



By evaluating the right hand side of Eq. (4.1) in the shear-free gauge, we find the curvature perturbation on 
hypersurfaces of uniform photon density, £ r , is expressed in terms of A S)I - and as 



1 



$ + 7 A S 
4 



Cr — 1 , — 's.i 



Thus the Sachs- Wolfe formula (6.1) may be expressed as 



~7f (7, Vo) = (Cr + * - *) fadec, *(»feec)) + / dq d„ (* - $) x( V )). 

/ sw J I)dec 



(6.2) 



(6.3) 



To evaluate the quantities appearing in the Sachs- Wolfe formula, let us further assume the universe is dust- 
dominated at decoupling. One can thus apply the results obtained in the previous section in the case of a dust- 
dominated universe. Moreover, Cr is related to C as 



Cr = C " 



Pd 



3p d + 4p r 



Comparing this with Eq. (4.13), we find 



Cr = C* 



(6.4) 



(6.5) 



Thus the curvature perturbation on hypersurfaces of uniform photon density exactly represents the adiabatic curvature 
perturbation. 



Gathering all the terms given in Eqs. (p.q), ( p.9| ) and ( |6.5| ) together, the terms contributing to the direct Sachs- Wolfe 
effect become 



Cr + * - $ 



1 



8 ( Pt \ c 2 > 

o — ) S £ - K A a 
3 \p d 



Sirtot + ^gy| J ^TTtot a 7/2 da . 



(6.6) 



The first and second terms on the right hand side describe the conventional adiabatic and isocurvature Sachs- Wolfe 
effects, which may be expressed in terms of VP as and 2 1 $>i so , respectively. The third term due to the Weyl entropy 

perturbation may be expressed as 2^£. One may be tempted to regard it as a kind of isocurvature perturbation. 
However, if we recall Eq. (4.22), we see it gives a time-independent contribution to Ctot during the radiation-dominated 



stage. The magnitude of Ss depends very much on the early history of the universe. If the universe undergoes inflation 
at an early stage, Sg will be totally negligible after inflation. Observationally the strongest constraint on Ss comes 
from the COBE CMB anisotropies g; 



S £ < 10- 



(6.7) 



since (p r /pd) ~ 0.1 at decoupling. 



2 For a spatially curved universe, the only change in the Sachs- Wolfe formula is the expression for x(rf), which can only be 
obtained by integrating the null geodesic equations. 
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Note that one can also relate the perturbations at last scattering to the perturbations in the early universe where 
these perturbations might have been generated. Consider for instance the adiabatic part of the metric perturbations, 
"fad at last scattering, i.e. during dust domination, is related to the corresponding primordial perturbation in a low 
-energy radiation era by 

9 

*ad = ^*ad,r(low), (6.8) 

and to the primordial perturbation in a very high-energy radiation era by 

3 

*ad = T*ad,r(high)- (6.9) 



The last two terms in Eq. (6J3) due to anisotropic stress are generally negligible except for possibly the Weyl 
contribution, dng, which cannot be theoretically constrained within the present approach. Even inflation does not 
seem to be necessarily effective for reducing the amplitude of Sirs . The magnitude of anisotropic stress on a comoving 
scale fc _1 is given by 



\&Kij\ k 2 fa 2 H 2 Sir 



P a 2 H 2 \ p + P 



(6.10) 



where k is the comoving wavenumber. Assuming all the perturbations behave regularly in the limit t — > and in the 
large-scale limit, the only restriction is that H 2 a 2 5iT£ / (p + P) be regular in both of the limits. From the amplitude 
of the COBE CMB anisotropies [E6j and Eq. (pit), we obtain the observational bound 



K 2 4 a 2 STT £ < 1CT 5 . (6.11) 

Finally, we consider the integrated Sachs- Wolfe effect. In addition to the c onve ntion al co ntributions discussed in 
the literature ^7j, there are contributions specific to our scenario. From Eqs. ( ]5 .8| ) and (5.9), we have 



d 7 - $) = -d v (~S S + K 2 a 2 5v tot - ^ J Sn tot a" 2 dc^ . (6.12) 

The first term due to Sg gives the same effect as the one due to insufficient dust-dominance in conventional 4- 
dimensional cosmological models |27| . It is effective only in the vicinity of the last scattering surface, and its effect is 
expected to be of the same order of magnitude as the corresponding contribution in the direct Sachs- Wolfe effect. On 
the other hand, we are unable to constrain the magnitude of the last two terms due to <57Tt t, because of the presence 
of the Weyl anisotropic stress, Sng, whose behavior is undetermined within our approach. 



VII. DISCUSSION 



In this paper we have shown that it is possible to extend some results for the evolution of scalar perturbations 
about four-dimensional FRW cosmological solutions to a five-dimensional brane-world scenario by working solely with 
the induced four-dimensional Einstein equations on the brane. In particular, the curvature perturbation on uniform 
matter density hypcrsurfaces, £, remains constant for adiabatic matter perturbations on sufficiently large scales, where 
gradient terms become negligible. This remains applicable in a wide variety of higher-dimensional models so long as 
local conservation of energy holds for some or all matter fields on the four-dimensional brane-world. 

We have focused on the case of five-dimensional Einstein gravity with a cosmological constant in the bulk, which 
ensures energy-conservation for matter on the brane. In addition to ordinary cosmological matter, a new component 
appears in the induced four-dimensional Einstein equations on the brane, which is the manifestation of the five- 
dimensional bulk gravitons. This component, which we call the Weyl component because it corresponds to the 
projected five-dimensional Weyl tensor, can be described effectively as a fluid from the brane point of view, which 
may appear in the background solution, but is constrained to remain small with respect to the ordinary radiation 
component. 

The effective energy of the Weyl component is locally conserved independently of ordinary matter for linear per- 
turbations, even though there may be momentum transfer at high energies. We are therefore able to define another 
perturbation, (g, when p£ ^ 0, corresponding to the curvature perturbation on hypersurfaces of uniform effective 
Weyl density, which remains constant on large scales. If pe = 0, then Sps is a (gauge-invariant) non-adiabatic pertur- 
bation whose evolution is determined by the energy conservation equation. We are then able to model the evolution 
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of the total effective curvature perturbation for matter plus Weyl fluid, (tot, constructed from the matter ( and the 
Weyl fluid (£ or Sp£. This in turn can be related to the longitudinal-gauge metric perturbation, either in the early 
radiation-dominated era (where non-conventional background evolution can change the usual relation between $ and 
(tot a t very high energies), or later during dust-domination. 

We have also studied the possible impact upon cosmic microwave background anisotropics. The presence of the 
Weyl component has essentially two possible effects. On the one hand, there is an additional contribution from the 
Weyl entropy perturbation Ss that is similar to an extra isocurvature contribution. On the other hand, the anisotropic 
stress of the Weyl component, Sirs, also contributes to the CMB anisotropics. In the absence of anisotropic stresses, 
the curvature perturbation (tot is sufficient to determine the metric perturbation $ and hence the large-angle CMB 
anisotropics. However bulk gravitons can also generate anisotropic stresses which, although they do not affect the 
large-scale curvature perturbation ( to t , can affect the relation between ( to t and $ and hence the CMB anisotropics on 
large angles. There is no intrinsic brane equation determining the evolution of 5tt£ and thus allowing us to estimate 
it during and after inflation. On intuitive grounds, the part of Stt£ generated by density inhomogencity on the brane 
is expected to be no greater than the matter anisotropic stress Sir, which may be neglected for calculating large- 
angle CMB anisotropics. As for the other part due to quantum fluctuations of scalar gravitons during inflation, a 
dimensional analysis suggests n\a dn is at most of the order of k\H 2 . However, this remains to be proved. 

Therefore, while the present approach based on the study of the perturbation equations solely on the brane has 
led us to significant results on large scales, it has also clearly shown us its limits. There is still a need to determine 
the evolution of the metric perturbations in the bulk in order to determine (i) the amplitude of the Weyl anisotropic 
stress 5tt£, and (ii) the evolution of metric perturbations on the brane at sub-Hubble wavelengths. In this respect, 
it is important to devise a specific model for the description of the bulk metric perturbations. One would then have 
to relate the bulk perturbations with their fluid description on the brane in terms of an energy density, a momentum 
density and anisotropic stress [lO|jr^ |. Some such modelling of the evolution of perturbations will be required to 
make predictions for the shape of the CMB power spectrum over a range of angular scales, to compare with existing 
observational data. 



ACKNOWLEDGMENTS 



DW is supported by the Royal Society. MS is supported in part by Yamada Science Foundation, and by PPARC 
for a visit to Portsmouth, during which this work was initiated. MS would like to thank all the members of Relativity 
and Cosmology Group, University of Portsmouth, for warm hospitality. 



APPENDIX A: EXTENSION TO MULTI-COMPONENT MATTER 



Here we present an extension of our approach to a multi-component matter system. The curvature perturbation 
on hypersurfaces of uniform 7-th matter density is defined by 

t' = K+ ^rwr <A1 » 

For simplicity, let us assume p£ ^ 0. Then defining the weight Wi for the 7-th component by 

3(p + P) + Ap £ 

W £ = , (A2) 

3(p + P) + Ap £ 



where p£ = ps(l + p/X) , we have 



Ctot = E^/- (A3) 



i 

If p£ = 0, the only modification is to replace the Weyl contribution as 



WeCe -> — ■ (A4) 

^ 3(p + P)(l + p/\) + 4p£ ( > 
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If we as sume all th e com ponents are non-interacting with each other, then the energy- mom entum conservation 
equations ( 3.13 ) and ( 3.14 ) hold for each component separately. From the energy conservation ( 3.13 ), the equation 
of motion for is given by 



-H 



8P 



J.nad 



where vj is the velocity potential of the 7-th matter component. Thus on sufficiently large scales, 

<5-P/,nad 



Ci = -H 



Pi + Pi 



(A5) 



(A6) 



and £j will remain constant on large scales for adiabatic perturbations of the 7-th matter component, such that 

SPl,nad = 0. 
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